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A graph is said to have a small spectral radius if it does not exceed
the corresponding Hoffmann limit value. In the case of (signless)
Laplacianmatrix, theHoffmann limit value is equal to+2 = 4.38+,
with  being the real root of x3−4x−4. Here the spectral character-
ization of connected graphs with small (signless) Laplacian spectral
radius is considered. It is shown that all connected graphswith small
Laplacian spectral radius are determined by their Laplacian spectra,
and all but one of connected graphs with small signless Laplacian
spectral radius are determined by their signless Laplacian spectra.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
All graphsconsideredhereareundirectedandsimple (i.e., loopsandmultipleedgesarenotallowed).
Let G = G(V(G), E(G)) be a graph with vertex set V(G) and edge set E(G), where |V(G)| = n(G)
and |E(G)| = m(G). For a graph G, let M = M(G) be a corresponding graph matrix defined in a
prescribed way. The M-polynomial of G is defined as det(λI − M), where I is the identity matrix. The
M-spectrum, denoted by SpecM(G), of G is a multiset consisting of the eigenvalues of its graph matrix
M. TheM-spectral radius (orM-index) ofG is the largest eigenvalue in itsM-spectrum. In spectral graph
theory, M is usually either the adjacency matrix A or the Laplacian matrix L or the signless Laplacian
matrix Q .
For a graphmatrixM, the Hoffman limit valueH(M) is the limit (if it exists) of theM-spectral radius
ofM(Hn), where the graphHn is obtained by attaching a pendant edge to the cycle Cn−1 of length n−1.
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Fig. 1. Some graphs used in this paper.
A graph is said to have a small M-spectral radius if its M-spectral radius does not exceed H(M). For
the adjacencymatrix A, we have that H(A) =
√
2 + √5 (see [12]). For the Laplacianmatrix L, we have
H(L) =  + 2 = 4.38+, where  = 1
3
(
(54 − 6√33) 13 + (54 + 6√33) 13
)
is the real root of the
polynomial x3 − 4x − 4 (see [10]). Since Hn is bipartite for odd n, we have H(Q) = H(L).
We now introduce some notations. Graphs G and H with the same spectrum of a graph matrix
M are called M-cospectral graphs that is denoted by G ∼M H. A graph G is said to be determined by
its M-spectrum (or G is a DMS-graph for short) if there is no other non-isomorphic graph with the
same spectrum, that is, SpecM(H) = SpecM(G) implies H ∼= G for any graph H. The background of
this problem “which graphs are determined by their spectrum?" originates from Chemistry (in 1956,
Günthard and Primas [9] raised this question in the context of Hückel’s theory). It is an old problem
but yet far from solved. For additional remarks on this topic we refer the readers to see the excellent
surveys [5,6]. For some results in this field from the authors of this paper we refer the reader to [22–
26]. Let [G]M be the cospectral class consisting of graphs M-cospectral to a given graph G. Then the
M-Spectral Characterization Problem (M-SCP) of some graph G was posed as follows [23,26]:
M-SCP1: Is G a DMS-graph?
M-SCP2: If G is not a DMS-graph, can we determine [G]M?
Let Pn, Cn Kn and K1,n−1 be respectively the path, the cycle, the complete graph and the star of order
n. Let Kn − e (or K1,n−1 + e) be the graph obtained from Kn (or K1,n−1) by deleting (or adding) an edge
e. By Lg,a we denote the lollipop graph obtained from Cg and Pa by jointing a vertex of Cg to a pendent
vertex of Pa. Some additional graphs mentioned in the paper are depicted in Fig. 1.
Remark 1.1. Due to symmetry, let c  b  a  1 in Ta,b,c and c  a  1 in Qa,b,c .
It is an attractive researchfield to investigate the relationbetween thedistributionofM-eigenvalues
and the structures of graphs. Particularly, the graphs have been characterized by theM-index in some
interval. Subsequently, a natural work is that we solve theM-SCP of such graphs. We next state some
old and new results in this paper.
It is well-known that all connected graphs with A-index at most 2 are Smith graphs [19]:
Theorem 1.1. The connected graphs with A-index less than 2 are precisely graphs below:
Pn(n  1), T1,1,n−3(n  4) and Ta,b,c with (a, b, c) ∈ {(1, 2, 2), (1, 2, 3), (1, 2, 4)}.
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Theorem 1.2. The connected graphs with index 2 are precisely graphs below:
Cn(n  3),Wn(n  6), K1,4 and Ta,b,c for (a, b, c) ∈ {(2, 2, 2), (1, 2, 5), (1, 3, 3)}.
The connected graphs whose A-index lies in the interval (2,
√
2 + √5) are determined in [2,4]:
Theorem 1.3. The connected graphs with A-index in the interval (2,
√
2 + √5) includes precisely the
following graphs:
(1) Ta,b,c for a = 1, b = 2, c > 5 or a = 1, b > 2, c > 3 or a = 2, b = 2, c > 2 or
a = 2, b = 3, c = 3.
(2) Qa,b,c for (a, b, c) ∈ {(1, 1, 2), (2, 4, 2), (2, 5, 3), (3, 7, 3), (3, 8, 4)} or a > 0, c > 0, b 




a + c + 2, a > 2,
c + 3, a = 2,
c, a = 1.
Ghareghani et al. [7] solved the A-SCP of graphs in Theorems 1.1–1.3:
Proposition 1.1. All connected graphs with A-index at most
√
2 + √5 are DAS-graphs except for Wn
(n  2), T2,2,2 and K1,4.
Cvetkovic´ et al. [3] characterized the graphs with Q-index belonging to [0,4]:
Theorem 1.4. Let G be a graph and κ(G) be its Q-index. Then the following statements hold:
(i) κ(G) = 0 if and only if G has no edges;
(ii) 0 < κ(G) < 4 if and only if all components of G are paths;
(iii) For a connected graph G we have κ(G) = 4 if and only if G is a cycle or K1,3.
For the Laplacian and singless Laplacian matrices, analogous results were obtained by the authors
of [1,20], who proceeded to characterize the graphs by the Q-index and obtained the following result.
Note that 2+√5 and +2 cannot be graph eigenvalues since theirminimal polynomials (with integer
coefficients) contain negative or complex roots.
Theorem 1.5. Let G be a connected graph of order n and κ(G) be its Q-index. Then
(i) 4 < κ(G) < 2 + √5 if and only if G ∈ {T1,1,n−3 | n  5};
(ii) 2 + √5 < κ(G) <  + 2 if and only if G ∈ {T1,b,c | c  b  2} ∪ {Qa,b,c | b  a + c + 1}.
One of the main results given in this paper is about the Q-SCP of graphs with small Q-index (de-
scribed in Theorems 1.4 and 1.5).
Proposition 1.2. All connected graphs with small Q-index, with the unique exception of K1,3, are DQS-
graphs. Moreover, K1,3 ∼Q K1 ∪ C3.
Omidi in [15,16] characterized the graphswith L-index atmost (5+√13)/2 and solved their L-SCP.
Recently, the authors of [21] completely characterized the graphs whose L-index does not exceed the
Hoffmann limit value H(L) =  + 2 = 4.38+:
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Theorem 1.6. Let G be a connected graph of order n and μ(G) be its L-index. Then
(i) μ(G) = 0 if and only if G = K1;
(ii) 0 < μ(G) < 4 if and only if G ∈ {Pn, C2k+1 | n  2, k  1};
(iii) μ(G) = 4 if and only if G ∈ {C2k, K1,3, K1,3 + e, K4 − e, K4 | k  2};
(vi) 4 < μ(G) < 2 + √5 if and only if G ∈ {T1,1,n−3, Ln | n  5};
(v) 2 + √5 < μ(G) <  + 2 if and only if G is one of the following graphs:
(a) B1 and B2;
(b) L2k+2,1 for k  2;
(c) T1,b,c for c  b  2;
(d) Qa,b,c for b  a + c + 1;
(e) Wn,Dn − xy,Dn for n  8.
The other main result of this paper is about the L-SCP of graphs described in Theorem 1.6.
Proposition 1.3. All connected graphs with small L-index are DLS-graphs.
2. Proof of Proposition 1.2
In this section, we will prove Proposition 1.2 which can be verified by the following Propositions
2.1, 2.2 and 2.3. van Dam and Haemers [5] showed that a regular graph is determined by the spectrum
iff it is determined by the spectrum w.r.t. A(G), L(G) and Q(G). Using this result, we obtain from their
Propositions 5–7 and Fig. 3 [5] and Theorem 1.4 that:
Proposition 2.1. All connected graphs with Q-index at most 4 are DQS-graphs except for K1,3. Moreover,
K1,3 ∼Q K1 ∪ C3.
We next investigate the graphs mentioned in Theorem 1.5. Wang and Xu [27] gave the following
result:
Lemma 2.1. Let G = Tl1,l2,l3 , with l1  l2  l3. Then G is a DAS-graph iff (l1, l2, l3) = (l, l, 2l − 2) for
any positive integer l  2. Moreover, Tl,l,2l−2 ∼A Pl−1 ∪ L2l+2,l−2.
The following lemma can be very useful in researching the spectral characterizations of graphs, in
particular when the structure of graph G and its subdivision S(G) are the same. See Corollary 2.1 as an
example, which was also proved in [14].
Lemma 2.2 [26]. Let G be a graph and S(G) its subdivision graph. Then G and H are Q-cospectral if and
only if S(G) and S(H) are A-cospectral.
Corollary 2.1. Let G = Tl1,l2,l3 , with l1  l2  l3. Then G is a DQS-graph iff (l1, l2, l3) = (l, l, 2l − 1)
for any positive integer l  1. Moreover, Tl,l,2l−1 ∼Q Pl ∪ L2l+1,l−1.
Proof. Assume that G admits non-trivial Q-cospectral mates, namely Q-cospectral graphs non-
isomorphic to G. If so, by Lemma 2.2, S(G) has non-trivial A-cospectral mates as well. Since S(G) =
T2l1,2l2,2l3 , by Lemma2.1 S(G) has non-trivial A-cospectralmates iff (2l1, 2l2, 2l3) = (2l, 2l, 2(2l−1)).
In the latter case, we have that H′ = P2l−1 ∪ L4l+2,2l−2 is A-cospectral with S(G). However H′ = S(H),
where H = Pl ∪ L2l+1,l−1, which implies that H ∼Q G. 
From the above corollary and Theorem 1.5(i) we immediately have the following:
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Proposition 2.2. All connected graphs with Q-index in (4, 2 + √5) are DQS-graphs.
In the end of this section, we solve the spectral characterization of graph Qa,b,c . Let φ(G) and ϕ(G)
be the A-polynomial and Q-polynomial of a graph G, respectively.
Lemma 2.3 ([3]). Let G be a (simple) graph. Denote by C (v) (C (e)) the set of all cycles in G containing a
vertex v (resp. an edge e = uv). Then we have:
(i) φ(G, x) = xφ(G − v, x) −∑
w∼vφ(G − v − w, x) − 2
∑
C ∈ C(v)φ(G − V(C), x)
(ii) φ(G, x) = φ(G − e, x) − φ(G − v − u, x) − 2∑
C ∈ C(e)φ(G − V(C), x).
We assume that φ(G, x) = 1 if G is the empty graph (i.e. with no vertices).
Lemma 2.4 ([7]). φ(Pn, 2) = n + 1 and φ(Ta,b,c, 2) = a + b + c + 2 − abc.
Lemma 2.5. Let b  a + c + 1 and c  2. Then 2 ∈ SpecA(S(Qa,b,c)).
Proof. Using Lemma 2.3 we obtain that
φ(S(Qa,b,c), λ) = φ(P2, λ)φ(T2,2c,2a+2b, λ) − λφ(P2a, λ)φ(T2,2c,2b−1, λ),
which together with Lemma 2.4 leads to
φ(S(Qa,b,c), 2) = 6 − 6a + 2b − 6c − 48ac − 8ab − 8bc + 32abc
= 2b(1 − 4a − 4c + 16ac) + 6 − 6a − 6c − 48ac.
Assume by way of contradiction that 2 ∈ SpecA(S(Qa,b,c)). Then φ(S(Qa,b,c), 2) = 0 and so
2b(1 − 4a − 4c + 16ac) + 6 − 6a − 6c − 48ac = 0.
If 1−4a−4c+16ac = 0, then 6−6a−6c−48ac = 0. Hence a+ c+8ac = 1, which a contradiction
since a and c are positive integers. Thus, 1 − 4a − 4c + 16ac = 0 which results in
b = 24ac + 3a + 3c − 3
16ac − 4a − 4c + 1 =
3
2
+ 18a + 18c − 9
32ac − 8a − 8c + 2 .
If a  2, by c  awe get
b = 3
2
+ 18a + 18c − 9
32ac − 8a − 8c + 2 
3
2
+ 36c − 9




which contradicts b  a + c + 1 > 4. Hence, a = 1 and so
b = 3
2
+ 18c + 9
24c − 6 =
3
2
+ 6c + 3
8c − 2  3.
From 3  b  a + c + 1, we get c  1, a contradiction to c  2 (note that 2 ∈ SpecA(S(Q1,3,1))).
Therefore, the lemma holds. 
Lemma 2.6 ([26]). Let G and H be two Q-cospectral graph. Then
(i) n(G) = n(H), m(G) = m(H);
(ii) G and H have the same number of bipartite components.
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Lemma 2.7. Let b  a + c + 1. Then no two non-isomorpic graphs Qa,b,c are Q-cospectral.
Proof. Assume that Qa,b,c and Qa′,b′,c′ are Q-cospectral graphs. By Theorem 1.5(ii) we get b′  a′ +
c′ + 1. From Lemma 2.3 it follows that
φ(S(Qa,b,c)) = φ(P2, λ)φ(T2,2c,2a+2b, λ) − λφ(P2a, λ)φ(T2,2c,2b−1, λ)
= φ(P2)2φ(P2a+2b+2c+1) − λφ(P2)φ(P2a+2b)φ(P2c)
− λφ(P2)φ(P2a)φ(P2b+2c) + λ2φ(P2a)φ(P2b−1)φ(P2c). (1)
By Lemma 2.3 again we have
φ(Pn, λ) = λφ(Pn−1, λ) − φ(Pn−2, λ),
which can be read as a recurrence equation with boundary conditions φ(P1) = λ and φ(P0) = 1,
whose solution (see [17]) is
φ(Pn) = x
2n+2 − 1
xn+2 − xn , (2)
where x satisfies x2 − λx + 1 = 0. Let
(a, b, c; x) = (x2 − 1)3xnφ(S(Qa,b,c), λ) − (−x12 − 2x10 − 3x8 + x4 + 2·x2 − 1). (3)
Note that the order of S(Qa,b,c) is n = 2a + 2b + 2c + 5. By substituting (2) in (1), and then into (3)
we obtain
(a, b, c; x) = − x4+4a + 2x8+4a + 2x10+4a+x12+4a − x4+4c + 2x8+4c + 2x10+4c + x12+4c
+ x4+4b + 2x6+4b + x8+4b − x8+4a+4c − 2x10+4a+4c − x12+4a+4c−x4+4a+4b
− 2x6+4a+4b − 2x8+4a+4b + x12+4a+4b − x4+4b+4c − 2x6+4b+4c−2x8+4b+4c
+ x12+4b+4c + x4+4(a+b+c) + 2x6+4(a+b+c) + 3x8+4(a+b+c)−x12+4(a+b+c)
− 2x14+4(a+b+c) + x16+4(a+b+c).
Since Qa,b,c and Qa′,b′,c′ are Q-cospectral graphs, then Lemma 2.2 shows that G = S(Qa,b,c) and
G′ = S(Qa′,b′,c′) are A-cospectral graphs. By the convection, c  a and c′  a′. Since G and G′ have
the same order, then
a + b + c = a′ + b′ + c′. (4)
From (3) it follows that
(a, b, c; x) = (a′, b′, c′; x). (5)
From b  a + c + 1 and c  a, observe that the smallest exponents of x in (a, b, c; x) and
(a′, b′, c′; x) are equal to 4 + 4a and 4 + 4a′, respectively. Thus, a = a′. Let
1(a, b, c; x) = (a, b, c; x) − (−x4+4a + 2x8+4a + 2x10+4a + x12+4a)
and
′1(a′, b′, c′; x) = ′(a′, b′, c′; x) − (−x4+4a
′ + 2x8+4a′ + 2x10+4a′ + x12+4a′).
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By (5),1(a, b, c; x) = ′1(a′, b′, c′; x). Also in this case, they share the same smallest exponents of x,
which are equal to 4 + 4c and 4 + 4c′, respectively. Consequently c = c′, which together with a = a′
and (4), we deduce that b = b′. Therefore, G ∼= G′ and so Qa,b,c ∼= Qa′,b′,c′ .
This completes the proof. 
Lemma 2.8 ([20]). Let H be a proper subgraph of a connected graph G. Then κ(H) < κ(G).
An internal path in a graph, denoted by v0, v1, . . . , vr−1, vr , is a path joining vertices v0 and vr
which are both of degree greater than two, while all other vertices (i.e. v1, v2, . . . , vr−1) are of degree
equal to two.
Lemma2.9 ([20]). Let uv be an edge of the connected graphG and letGuv be obtained fromGby subdividing
the edge uv of G.
(i) If G = Cn, then κ(Guv) = κ(G) = 4.
(ii) If uv is not in an internal path of G = Cn, then κ(Guv) > κ(G).
(iii) If uv belongs to an internal path of G = Cn, then κ(Guv) < κ(G).
Lemma 2.10. For j  i  2, b  3, b′  a′ + c′ + 1 and c′  a′  1, then
(i) κ(Q1,b,1) < κ(Qa′,b′,c′) for b > b′.
(ii) κ(T1,i,j) = κ(Q1,b,1) if and only if (i, j, b) = (2, 4, 3), (2, 2, 4).
Proof. Since b > b′, by Lemmas 2.9 and 2.8 we have κ(Q1,b,1) < κ(Q1,b′,1)  κ(Qa′,b′,c′) and
so (i) holds. For (ii), a direct calculation shows that κ(T1,2,2) = κ(Q1,4,1) = (5 +
√
13)/2 and
κ(T1,2,4) = κ(Q1,3,1) = 4.34+ < κ(T1,3,3) = 4.36+. Under the conditions of the lemma, by Lemmas
2.8 and 2.9 we get κ(T1,i,j)  min{κ(T1,2,5), κ(T1,3,3)} > κ(T1,2,4) = κ(Q1,3,1) > κ(T1,2,3) >
κ(T1,2,2) = κ(Q1,4,1) > κ(Q1,b,1), where (i, j) ∈ {(i, j) | j  i  2}\{(2, 2), (2, 3), (2, 4)} and
b  5. So, (ii) holds. 
Lemma 2.11. Let b  a + c + 1 and c  a  1. Then Qa,b,c is a DQS-graph.
Proof. Let G be a tentative Q-cospectral mate to Qa,b,c . By Theorem 1.5(ii), κ(G)=κ(Qa,b,c)< + 2.
Thus, any component of G is one of graphs in {Pr, Cs, K1,3, T1,1,t−5, T1,i,j,Qa′,b′,c′ | r  1, s  3, t 
5, j  i  2, b′  a′ + c′ + 1} (see Theorems 1.4 and 1.5). Since Qa,b,c is a bipartite graph then G has
only one bipartite component (see Lemma 2.6(ii)). Therefore, without loss of generality, let
G = (∪k∈BC2k+1) ∪ T1,i,j or G = (∪k∈BC2k+1) ∪ Qa′,b′,c′ , (6)
where B is the set of positive integral numbers.
Case 1. c = 1. Then a = 1 and so Qa,b,c = Q1,b,1. If the former of (6) holds, then κ(G) =
λ(T1,i,j) = κ(Q1,b,1). From Lemma 2.10(ii), if (i, j, b) = (2, 4, 3), by n(Q1,3,1) = 8 = n(T1,2,4)we get
B = ∅ and G = T1,2,4 contradicting ϕ(G) = ϕ(Q1,3,1). If (i, j, b) = (2, 2, 4), by n(Q1,4,1) = 9 and
n(T1,2,2) = 6 we get G = C3 ∪ T1,2,2 contradicting ϕ(G) = ϕ(Q1,4,1). If the latter of (6) holds, then
κ(G) = κ(Qa′,b′,c′) = κ(Q1,b,1). If B = ∅, then G = Qa′,b′,c′ and so ϕ(G) = ϕ(Q1,b,1) iff G ∼= Q1,b,1
by Lemma 2.7. If B = ∅, then b′ < b and so κ(Qa′,b′,c′) < κ(Q1,b,1) by Lemma 2.10(i), a contradiction.
Case 2. c  2. By Lemma 2.2 we get that φ(S(G)) = φ(S(Qa,b,c)) and so 2 ∈ SpecA(S(G)) =
SpecA(S(Qa,b,c)) (since the cycle has A-index 2). But this contradicts to Lemma 2.5. Hence, B = ∅ and
so
G = T1,i,j or G = Qa′,b′,c′ .
By Proposition 2.2 and Lemma 2.7 we can conclude that G = Qa′,b′,c′ ∼= Qa,b,c . 
The following proposition follows from Corollary 2.1 and Lemma 2.11:
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Proposition 2.3. All connected graphs with Q-index in (2 + √5,  + 2) are DQS-graphs.
3. Proof of Proposition 1.3
In this section, we will prove Proposition 1.3 in three steps, given by Propositions 3.1, 3.2 and
3.3. Firstly, let us check which graphs have been proved to be DLS-graphs in Theorem 1.6. In view of
Propositions 5 and 7 of [5] we have the following:
Lemma 3.1. The path Pn, cycle Cn and complete graph K4 are DLS-graphs.
Lemma 3.2. Let G and H be two L-cospectral graph. Then
(i) n(G) = n(H), m(G) = m(H);
(ii) G and H have the same number of components.
Lemma 3.3. Graphs K1,3, K1,3 + e, K4 − e and B1, B2 are DLS-graphs.
Proof. Let G be any graph L-cospectral to K1,3. Then by Lemma 3.2 G is a connected graph with
μ(G) = μ(K1,3) = 4. Thus, G is one graphs stated in Theorem 1.6(iii). From m(G) = n(G) − 1, we
have that G ∼= K1,3 and then K1,3 is a DLS-graph. Similarly, we can prove the other cases. 
The following proposition follows from Lemmas 3.1 and 3.3:
Proposition 3.1. All connected graphs with L-index at most 4 are DLS-graphs.
Lemma 3.4 ([13,28]). The tree Ta,b,c is a DLS-graph.
Lemma 3.5 ([11,18]). The graphs Ln, L2k+1,1 and Wn are DLS-graphs.
From Lemma 3.4 and Lemma 3.5 we immediately have the following:
Proposition 3.2. All connected graphs with L-index in (4, 2 + √5) are DLS-graphs.
Lemma 3.6. The graphs Dn and Dn − xy are DLS-graphs, where n  8.
Proof. Let G be a graph L-cospectral to Dn (or Dn − xy). Then G is a connected graph with μ(G) =
μ(Dn) (respectively, μ(G) = μ(Dn − xy)). Then G is one of graphs stated in Theorem 1.6(v). Since
n(G) = m(G)+ 1 = n+ 1 (respectively, n(G) = m(G) = n), then G ∼= Dn (respectively, G = Dn − xy
by n  8 and Lemma 3.5). 
Lemma 3.7 ([8]). Let G be a bipartite graph. Then SpecL(G) = SpecQ (G).
Lemma 3.8. For b  a + c + 1, the graph Qa,b,c is a DLS-graph.
Proof. Let G be any graph L-cospectral to Qa,b,c . Then G is tree with μ(G) = μ(Qa,b,c) and thus G is
one of trees stated in Theorem 1.6(v). By Lemmas 3.4 and 3.5 we conclude that G is tree of type Qa,b,c .
By Lemma 3.7 and 2.11 we get that G ∼= Qa,b,c . 
The following proposition follows from Lemmas 3.3, 3.4, 3.5, 3.6 and 3.8:
Proposition 3.3. All connected graphs with L-index in (2 + √5,  + 2) are DLS-graphs.
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